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Abstract. We discuss the Kaluza-Klein threshold correction to low energy gauge 
couplings in theories with warped extra-dimension, which might be crucial for the 
gauge coupling unification when the warping is sizable. Explicit expressions of one- 
loop thresholds are derived for generic 5D gauge theory on a slice of AdS^, where 
some of the bulk gauge symmetries are broken by orbifold boundary conditions and/or 
by bulk Higgs vacuum values. Effects of the mass mixing between the bulk fields 
1^ . with different orbifold parities are included as such mixing is required in some class of 

i ' realistic warped unification models. 
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1. Introduction 

In theories with unified gauge symmetry at high energy scale, threshold corrections due 
to heavy particles often affect the predicted low energy gauge couplings significantly [1] . 
Since symmetry breaking leads to a mass splitting between the particles in an irreducible 
representation of the unified gauge symmetry, the low energy gage couplings generically 
acquire non-universal quantum corrections when the heavy particles are integrated 
out. In four-dimensional (4D) theories, the resulting differences between low energy 
gauge couplings are proportional to the logarithm of the mass ratios. Therefore, those 
threshold effects can be particularly important when the mass splitting occurs over a 
wide range of energy scales and/or for many numbers of massive particles. 

Such situation can be realized in higher dimensional gauge theories (including 
string theories), in which there exist generically an infinite tower of gauge-charged 
Kaluza-Klein (KK) states. Higher dimensional gauge theories can employ a novel class 
of symmetry breaking mechanisms such as the one by boundary condition [2] or by 
the vacuum expectation value (VEV) of the extra-dimensional component of gauge 
field [3]. Such mechanisms might successfully address various naturalness problems of 
grand unified theories (GUTs) |1] and/or explain the origin of the Higgs field [5]. In 
higher dimensional theories with broken gauge symmetry, the whole KK tower of higher 
dimensional fields are splitted. This splitting can yield a large threshold correction 
because of the infinite number of KK modes and also a large scale difference between 
the lowest KK mass and the cutoff scale of the theory [6]. 

On the other hand, calculation of the KK thresholds requires a careful treatment 
of the associated UV divergences. Summing up the logarithmic contribution from each 
KK mode, it is expected that power-law-divergent contributions appear [7]. In field 
theory, all the ultraviolet (UV) divergences must be absorbed into local counterterms 
that are consistent with the defining symmetry of the theory. In models with unified 
gauge symmetry in bulk spacetime, those power-law divergences are universal and can 
be absorbed into a renormalization of the unified higher dimensional gauge coupling at 
the cutoff scale A. However, if the unified gauge symmetry is broken by a boundary 
condition at the orbifold fixed point, there can be non- universal logarithmically- 
divergent counterterms localized at the fixed point. Those logarithmic divergences 
are associated with the renormalization group (RG) runnings of the fixed-point gauge 
coupling constants [H], which lead to a controllable consequence in the predicted low- 
energy gauge couplings as in the case of conventional 4D GUTs [6]. After identifying 
the UV-divergent pieces of the KK threshold corrections, the finite calculable parts 
are unambiguously definedj^l In general, those finite corrections heavily depend on the 
parameters of the model, including the symmetry breaking vacuum expectation values 
(VEVs) and the masses of higher dimensional fields, as well as on the structure of the 



I In string theory, the full threshold corrections including stringy thresholds are finite with the cutoff 
scale A replaced by the string scale. For an early discussion of threshold corrections in compactified 
string theory, see for instance O [10] . 
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background spacetime geometry. 

It has been of particular interest to study quantum corrections in warped 
geometry. Warped extra-dimension might be responsible for the weak scale to the 
Planck scale hierarchy [11], or the supersymmetry breaking scale to the Planck scale 
hierarchy [121 IE] , or even the Yukawa coupling hierarchies [H] . There also have been 
studies on higher dimensional GUTs in warped geometry, showing quite distinct features 
arising from the warping [151 IISI [IZl UHl HH]. In warped models, gauge threshold 
corrections might be crucial for a successful unification when the lowest KK scale rnxK 
is hierarchically lower than the conventional unification scale Mqut ~ 2 x 10^^ GeV. 
A series of studies on quantum corrections in anti-de Sitter space (AdS) show that KK 
threshold corrections in warped gauged theory is enhanced by the large logarithmic 
factor In(e^) [IS EQI EH [22l |23], where is an exponentially small warp factor. 
Explanation of this logarithmic factor has been attempted in various contexts, including 
those based on the AdS/CFT correspondence which states that a 5D theory on a slice of 
AdSs can be regarded as a 4D conformal field theory (CFT) with conformal symmetry 
spontaneously broken at rnxK [211 125] . 

In [23], a novel method to compute 1-loop gauge couplings in higher dimensional 
gauge theory with warped extra dimension has been discussed, and explicit analytic 
expressions of the KK thresholds in 5D theory on a slice of AdSs have been derived 
for the case that some part of bulk gauge symmetries are broken by orbifold boundary 
condition with no mass mixing between bulk fields with different orbifold parities. In 
this paper, we wish to extend the analysis of [2^ to more general case including the 
possibility of symmetry breaking by bulk scalar VEVs and also of non-zero mass mixing 
among bulk fields with different orbifold parities. Our results then cover most of the 
warped GUT models discussed so far in the literatures. 

The organization of this paper is as follows. In the next section, we first discuss 
some features of KK thresholds which are relevant for our later discussion, and then 
examine a simple example of 5D scalar threshold to illustrate our computation method. 
In Section 3, we consider generic 5D gauge theory defined on a slice of AdSs, and 
derive analytic expression of 1-loop KK thresholds induced by 5D gauge and matter 
fields when some part of the bulk gauge symmetries are broken by orbifold boundary 
conditions and/or by bulk Higgs vacuum values. To be general, we also include the 
effects of mass mixing between the bulk fields with different orbifold parities. In Section 
4, we give a conclusion. We provide in Appendix A a detailed discussion of the A^- 
function whose zeros correspond to the KK spectrum, and a discussion of boundary 
matter fields in Appendix B. 
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2. Some generic features of Kaluza-Klein threshold corrections 

The 5D gauge theory in consideration can be defined as a Wilsonian effective field theory 
with the action 



~l~ 'S'gauge— fixing ~l~ 'S'ghost ~l~ 'S'matter) (l) 



where 5'gauge-fixing and ^ghost are the gauge-fixing term and the associated ghost action, 
respectively, (^matter is the model-dependent action of 5D scalar and fermion matter fields, 
and the 5D spacetime metric Gmn is assumed to take a generic 4D Poincare-invariant 
form: 

^ GMNdx^dx^ = e'^^^y^rj^^dx^dx" + R^dy'' (0 < y < tt), 

where ttR is the proper distance of the interval, r]^^ corresponds to the 4D graviton zero 
mode which is used by low energy observer to measure the external 4D momentum as 
well as the KK mass spectrum, and we are using the warp factor convention: e^*^^=°) = 1 
and e^^^""^) < 1. Here we do not include any boundary matter field separately as it can 
be considered as the localized limit of bulk matter field, which is achieved by taking 
some mass parameters to the cutoff scale. (For a discussion of this point, see Appendix 
B.) Note that the range of the 5-th dimension is taken as < y < tt with the convention: 
jo dyS{y) = dy6{y - vr) = 1/2. 

In order for the theory to be well-defined, one also needs to specify the UV cutoff 
scheme along with the Wilsonian action. Then all the Wilsonian couphngs in Sw 
depend implicitly on the associated cutoff scheme A, and this A-dependence of Wilsonian 
couplings should cancel the A-dependence of regulated quantum corrections, rendering 
all the observable quantities to be independent of A. 

The quantity of our concern is the low energy onc-particlc-irrcducible (IPI) gauge 
couplings of 4D gauge boson zero modes. It can be obtained by evaluating 



where $c; denotes background field configuration which includes the 4D gauge boson zero 
modes A'^f^^'' as well as the vacuum values of scalar fields, and $g„ stands for quantum 
fiuctuations of the 5D gauge, matter and ghost fields in the model. The resulting IPI 
gauge coupling gl^ (p) of A'l^^^ (p) carrying an external 4D momentum p^^ is given by 



(-p'^T)'"' + p'^p") _ s^r 



(3) 



As the gauge boson zero modes have a constant wavefunction over the 5th dimension, 
the 4D gauge couplings at tree level are simply given by 

1\ vri? 1 , 
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To compute quantum corrections, one needs to introduce a suitable regularization 
scheme which might involve a set of regulator masses collectively denoted by I^. One 
also needs to deal with a summation over the KK modes whose mass eigenvalues {m„} 
depend on various model parameters that will be collectively denoted by A, for instance 
the bulk or boundary masses of the matter and gauge fields as well as the AdS vacuum 
energy density that would determine the warp factor. Note that the 4D momentum 
of the gauge boson zero modes and the KK mass eigenvalues {m„} are defined in the 
4D metric frame of the graviton zero mode rjfj^^, while A, A and 1/R are the 5D mass 
parameters invariant under the 5D general coordinate transformation. 

Schematically, one-loop correction to the 4D IPl gauge coupling is given by 

1 f d^l 

—A,{p,A,R,X)=J2 T^Ja{p,l,m4R,X)), (5) 

where $o denotes the light zero modes with a mass mo ^ p, while stands for the 
massive KK modes with m„ ^ p. In the limit p ^ Tn^K and A ^ A, where rnxK is the 
lowest KK mass, the above 1-loop correction takes the form ^ |21] 

-^A„ = TT^Avri? + \ha ln(A7ri?) - 6, ln(p7ri?) + A,(i?, A) 

^0(j^\,0i'.^±,\. (6, 



Then the low energy IPl couplings are given by 
1 



where 



— = ^ + ^A 
9l 9LW 247r3 

ka = Ka{A) + K'^{A) + bJn{A7rR)-bJn{pnR) + Aa{R,X). (8) 

The above expression of 4D IPl coupling is valid only for p < rnxK- However, it still 
provides a well-defined matching between the observable low energy gauge couplings 
and the fundamental parameters in the 5D action defined at the cutoff scale A ^ mxK- 
Note that the Wilsonian couplings gl^^ Ha, n'^ depend on A in such a way to make 
and ka to be independent of A. 

The linearly divergent piece in (|H]) originates from the KK modes around the cutoff 
scale A, and therefore its coefficient 7^ severely depends on the employed cutoff scheme. 
For instance, in a mass-dependent cutoff scheme introducing an appropriate set of Pauli- 
Villars (PV) regulating fields and/or higher derivative regulating terms, each 7^ has a 

§ At this stage, we assume a mass-dependent cutoff scheme introducing an appropriate set of Pauli- 
Villars regulating fields and/or higher derivative regulating terms, although eventually we will use a 
mass-independent dimensional regularization which is particularly convenient for the computation of 
gauge boson loops. 
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nonzero value depending on the detailed structure of the regulator masses and the 
regulator coefficients, while it vanishes in a mass-independent cutoff scheme such as 
dimensional regularization [26|ji 1. Note that this does not affect the calculable prediction 
of the theory, which is determined by the scheme- independent combination l/g'^^- 

Unlike the coefficient of power-law divergence, the coefficients of Inp and In A are 
unambiguously determined by the physics below A [6l [21]. As Inp originates from the 
light zero modes with mo <^ p, one immediately finds 

= lj2^<T^a{^''')) + IY.^<T!{^''^)) - y (9) 

<^(0) ^(0) ^(0) 

where (p^^\ i)^^^ and A^^^^ denote the 4D real scalar, 4D chiral fermion and 4D real vector 
boson zero modes which originate from 5D matter and gauge fields, and T(j($) is the 
generator of the unbroken gauge transformation of Note that Lp'^'^^ can originate from 
a 5D vector field. 

The logarithmic divergence appears because of the orbifold fixed points. This 
implies that ha are determined just by the orbifold boundary condition of 5D fields 
if there is no 4D matter field confined at the fixed point. The logarithmic divergence 
generically takes the form 



InA / Aao5(y) , Kn^iy 



d^xy^ ^ ( '-^^^^ + ) (10) 



and the coefficients A^o and Xan are independent of the smooth geometry of the 
underlying spacetime. It is then straightforward to determine Aao and Xa-K in the flat 
orbifold limit, which yields [6l [21] 



and thus 



^'^o = E^(TK^'(<^-'))-23Tr(T,2(A^0)), 

zz' 

= E ^(TK^a(<^-')) - 23Tr(T,2(A^0)), (H) 

zz' 

k = A.0 + A,. = J] ^-^^ {jr{Tl{<P^z')) - 23Tr(T„^(A,^,))), (12) 



where (^^^z and (z, z' = ±1) denote 5D real scalar and vector fields with the orbifold 
boundary condition: 

4>zz'{-y) = z(j)^^>{y), (j)zz'{-y + tt) = z'(j)^^i{y + tt), 

AfA-y) = zeMAfAy), A^A-y + ^) = ^'^uAfAy + ^r), (13) 

where = 1 and 65 = —1. 

The last part of 1-loop correction, i.e. Aa(i?, A), is highly model-dependent as 
it generically depends on various parameters of the underlying 5D theory, e.g. the 

II A novel extension of dimensional regularization for higher dimensional gauge theory has been 
suggested also in [37] ■ 
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curvature of background geometry, matter and gauge field masses in the bulk and at 
the boundaries, and also on the orbifold boundary conditions of 5D fields. Note that 
all of these features affect the KK mass spectrum, and thus the KK thresholds. In 
many cases, it can be an important part of quantum correction, even a dominant part 
in warped case. The aim of this paper is to provide an explicit expression of Aq as a 
function of the fundamental parameters in 5D theory in a general context as much as 
possible. 

Let us now consider a specific example of 5D scalar threshold to see some of the 
features discussed above. We start with the case of a massless 5D complex scalar field 
(f)zz' in the flat spacetime background: 



^matter 



(14) 



where 



ds^ = GMNdx^ dx^ = rj^^dx^dx'^ + R^dy^. 
In this case, one can easily find an explicit form of the KK spectra: 



mn{4>zz') 




and (f)- 



■+ > 



(15) 



where n is a non-negative integer. The corresponding 1-loop correction can be obtained 
using a simple momentum cutoff: 

AR , ,4, 



1 



87r2 



{p T] 



z,z' n=0 



(16) 



where 



277^''((p + ly + mi{4>zz')) - (p + '^lYip + '^ly 



i((p + O^ + m2(0,,,))(^' + <(0..')) 
which gives (in the limit p <^ tukk — ^/R) 



+ 



3 

1 
3 

1 

+ 3 



Tr(T„^(0++))ln 
Tr(T„2(0++)) + Tr(T„2(0-))]El^ 

n=l 

KR 



KR 



n=l 



AR 
n 

2AR 
2n-l 



+ 0{1) 



+ 



Tr(r„2(0++)) + Tr(T„2(0__)) + Tr{T^{<P+-)) + Tr{T^{<P-+)) 
Tr(T,2(0++)) - Tr(T2(0__))l ln(A7ri?) 



3 
1 

6 L 

^TV(r2(0++))ln(p7ri?) + O(l). 



AR 



[17) 
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Obviously, in case with a unified gauge symmetry in bulk spacetime, the coefficients of 
linear divergence, i.e. ^/ Tr(T^(</)^y)), are universal. Also the above result gives 

&a = ^[Tr(T,2(0++))-Tr(T,2(0„))\ 

which confirms the result of fll2p . Note that (p^z' here are complex scalar fields, while 
(pzz' in f|T2|) are real scalar fields. 

One can generalize the above result by introducing a nonzero bulk mass. To see the 
effect of bulk mass, let us consider 0++ with a 5D mass Ms 3> p in the flat spacetime 
background. It is still straightforward to find the explicit form of KK spectrum: 



ri2 

m„ = A/M| + — . (18) 

In this case, there is no light mode since Ms ^ p, and therefore ba = 0. Again the 
1-loop threshold can be computed with a simple momentum cut off: 

AR 



:Tr(T,2(0++)) 



2AR + ( In -^^ - lnsinh(M57ri?) ) + C(l) 

Ms 



n=0 

~ 6 

For warped spacetime background, the KK spectrum takes a more complicate form, 
and its explicit form is usually not available. Furthermore, as the 4D loop momentum l'^ 
and the KK spectrum {m„} are defined in the metric frame of 4D graviton zero mode, 
the cutoff scales for and {m„} depend on the position in warped extra-dimension. 
One can avoid these difficulties using the Pole function method with dimensional 
regularization |26l ESj EH], which will be described below. As the 1-loop correction 
takes the form: 

^^- = Y1 I 7^UP,l^^n), (19) 
n=0 ^ ^ 

where /a — > l/(/^ + m^)^ in the limit ~ — )■ oo, one can introduce a meromorphic 
pole function: 

pi^)=lf:(^+^) (20) 



with which 



\^a= [ ^7^,P{q)fa{p,l,q), (21) 



87r2 7_ 2m (27r)4 

where the integration contour ^ is illustrated as Ci in Fig{Tl This pole function has 
the following asymptotic behavior at |g| — > oo: 

P{q) ^ + Be{\m{q)) + 0(g~2), (22) 

where e{x) = x/\x\, and A and iB are real constants. With simple dimensional analysis, 
one easily finds that A and B are associated with logarithmic divergence and linear 
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divergence, respectively. In particular, iB corresponds to the spectral density of the 
KK spectrum in the UV limit m„ — > oo, which is common to generic 5D field 
with a definite 4D spin and 4D chirality, i.e. $ = (p{x,y) or Af^{x,y) or ipL^R{x,y) with 
75'0L,_R(a;, I/) = ±ipi^fi{x,y). As A is associated with the coefficient (fT2!) of logarithmic 
divergence, we have A oc {z + z'), where z,z' = ±1 are the orbifold parities of the 
associated 5D field at ?/ = 0, n. 

One may regulate the 5D momentum integral fl2T]) by introducing an appropriate 
set of 5D Pauli-Villars regulator fields and/or higher derivative regulating terms in the 
5D action. However, as we eventually need to include the gauge boson loops, it is more 
convenient to use a dimensional regularization scheme in which 

1 f d^'^q d'^H 

- ^° ^ _L J_ Afinite i^'X] 

where Ca is some group theory coefficient, and A^'^'**^ is finite in the limit Z^s — )■ 1 and 
— >■ 4. In this regularization scheme, the irrelevant linear divergence is simply thrown 
away, while the logarithmic divergence appears through l/(-D4 — 4). 

After the integration over l^, the remained integration over q can be done by 
deforming the integration contour appropriately. For the 1-loop corrections ([T6|) induced 
by 5D scalar fields, we find 

—2^a= [ ^P{q)ga{p,q), (24) 



where 

Since it depends on logarithmically, Qa contains a branch cut in the complex plane of 
q, and we can take a branch cut line along the imaginary axis with + x{l — x)p'^ < 0. 
It is then convenient to divide the Pole function into three pieces: 

P(g) = - + Beilmq) + Pfi„ite(g), (25) 
Q 

where 

^finitc(g) ^ 0{q-'^) for |g| ^ oo. 

One can then use the original contour Ci for the integration involving Be{lmq), an 
infinitesimal circle around q = for the integration involving A/q, and finally the 
contour deformed as C2 in Fig{T] for the integration involving Pfinitc- Applying this 
procedure to the integral of the form 

Tx = / ^ f- + Be{lmq) + Pfi„ite) (Xo - Hq^ + 
Jc, 2m \q J \ 




Figure 1. Integration contours on the g-plane. Crosses along the real axis 
represent the KK masses {ibmn} which correspond to the poles of P{q). The 
branch cut along the imaginary axis arises from Qa {p, q) , and the contour Ci 
can be deformed to the contour C2 for the integration involving infinite 



one obtains 

Tx\d,^i =A{Xo- InXi^) - 2tB\Xi\ + J ^i'finite(g) (Xq - ln(g^ + X^)) 
= AXo-lniV(g)|^^,|^^|, ' (26) 

where the A^-function is defined as 
PW = i^lniVfe), 

^In N{i\q\) ^ Aln\q\+iB\q\ for |g| ^ 00. (27) 
We then find the 1-loop correction due to a complex 5D scalar field is given by 



1 . _ Tr(T2(0)) 



87r2 " 167r2 



2A 



3(4 -D4 



dx{l - 2xf In N{i^x{l - x)p^) 







showing that the model-parameter dependence of low energy couplings at <^ "^l-x 
is determined essentially by the behavior of N{q) in the limit g — )■ 0. For a given 5D 
gauge or matter field, the corresponding N{q) can be uniquely determined as will be 
discussed in Appendix A. 

To complete the computation in dimensional regularization, one needs to subtract 
the 1/(4 — Di) pole to define the renormalized coupling. The subtraction procedure 
should take into account that dimensional regularization has been applied for the 
momentum integral defined in the 4D metric frame of rj^^, while the correct renormalized 
coupling should be defined in generic 5D metric frame as a quantity invariant under the 
5D general coordinate transformation. The 1/(4 — D4) pole is associated with the 
renormalization of the fixed point gauge couplings, Ka and k^, in the action ([1]). For 
warped spacetime with 

ds^ = e^^'^y^^udx^dx'' + R^dy^ (e^(°) = 1), 

the logarithmic divergence structure of (fTOl) indicates that the correct procedure is to 
subtract 1/(4 — D4) with the counter term Aaoln(A) + Aair ln(Ae^'^^"'^^), which would 
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yield 

A„ = (A„o + A„,) In A + In (e^(f ='^)) + (28) 

One can now apply the above prescription to the 1-loop correction due to a 5D 
complex scalar field on a slice of AdS^: 

ds^ = e-^''\y\ri^^dx>'dx'' + R^dy^. 

For 0++ with a 5D mass Ms ^ p, there is no zero mode, and we find 



In In 

Ms 2 



a 



— lnsinh(Q;7rA;i?) 



where a = 1/4 + Mg/kP'. In fact, one can get the same result using the Pauli-Villars 
(PV) regularization scheme in which 



^++)\pv 



„=0 



(0++) 



(29) 



where m„($^^) is the KK spectrum of the PV regulator field which has a bulk 
mass A. In the limit n — >■ 00, m„(0++) and m„($^^) have the same asymptotic form 
m„ — >■ m:k/{e^^^ — 1). We then have 

^ " Ao 



Aa(0++)|pv = ^Tr(T„2(0++))E 



n=0 



In 



^n(</'++) 



In 



= A„(0. 
= ^Tr(T„2(0++)) 
+ A7ri?+C»(l) 



A 



In In 

Ms 2 



q; 



— lnsinh(Q!7rA;i?) 



where Aq is an arbitrary mass parameter, the subscript DR means dimensional 
regularization, and the PV regulator mass is taken as A ^ A;, As we have noticed, 
the linearly divergent part of A^ depends on the employed regularization scheme, and 
such a scheme-dependence can be absorbed into the renormalization of the Wilsonian 
5D gauge couplings. A constant piece of order unity in A^ is also scheme-dependent, 
and can be absorbed into the renormalization of the fixed point gauge couplings. On the 
other hand, the terms depending on the model parameters M5, A;, R correspond to the 
calculable part of Aq which should be scheme-independent. The above result confirms 
that the two regularization schemes, DR and PV, indeed give the same calculable part 
of A„. 



3. Warped gauge thresholds 



In this section, we discuss the 1-loop gauge thresholds in generic 5D gauge theory on a 
slice of AdSs, where some of the bulk gauge symmetries are broken by orbifold boundary 
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conditions and/or by bulk Higgs vacuum values. The effective action of the 4D gauge 
boson zero modes A^*^^'* can be obtained by evaluating 

= j [V^qu] e^^'^[*='+*'"'l, (30) 

where denotes a background field configuration which includes as well as the 
Higgs vacuum values, and stands for the quantum fiuctuations of all gauge, matter 
and ghost fields in the model. To compute the 1-loop effective action, we need the 
quadratic action of those quantum fiuctuations. To derive the quadratic action of 
let us start with the Wilsonian action given by 

'S'gauge ~l~ 'S'ma.tter ~l~ 'S'gauge— fixing ~l~ 'S'ghost) ('^-^) 

where 



'matter 



f55 

^D^^'DMct>' + V{cl>) + ir{5^,V^DM + MfM))^ 

+ 4= (H(</') + 2^^JiM)rr) - ^^^=i (v;(0) + 2ifiM)rr) 

for the 5D gauge fields A^, Dirac fermions ip^, and real scalar fields 4>^ . Here ^Sgauge-fixing 
is the gauge-fixing term and 5'ghost is the associated ghost action. We fix the background 
spacetime to be a slice of AdSs: 

ds"^ = GuNdx^dx^ = e-^^^^y^r^^^dx^'dx'' + R^dy^ (0 < < tt), 

and impose the Z2 x Z2 orbifold boundary conditions: 

^M{-y) = ZAeMA^iy), + tt) = z'j^eMA^{y + tt), 

(l>\-y) = zi(t>\y), (t>\-y + tt) = (y + tt), 

ri-y) = ^pTsV'^y), n-y + ^r) = z'^i^Viy + tt), (32) 

where -^a,/,^, -2^,/,^ — il^^/i ~ ^ ^5 ~ Here we ignore the boundary kinetic 
terms of matter fields since they are not relevant for the discussion of 1-loop gauge 
couplings. As for the boundary scalar potentials Vq and \4, we assume for simplicity 
that they share (approximately) a common minimum with the bulk scalar potential V , 
and as a result the scalar field vacuum values are (approximately) constant along the 
5-th dimension: 

= v'. (33) 

Then there can be two independent sources of gauge symmetry breaking, one is the bulk 
Higgs vacuum values and the other is the orbifold boundary conditions imposed on 
the gauge fields. 

Let us now set up the notations. In the following, A\j denote the 5D gauge fields 
not receiving a mass from the Higgs vacuum values ^ B'^ are the other gauge fields 
which obtain a nonzero 5D mass, tt" are the associated Goldstone bosons, and finally ip^ 
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are the real-valued physical scalar field fiuctuations in non-Goldstone direction. These 
gauge and scalar field fluctuations have the following form of the kinetic and mass terms: 



1 rpAMN T^A 

2 ^ ^MN 



ah 



TjaMN r>a 
2 ^MN^ 

95a 

Mc 



^(0) = {V) + i^Ml,,^^^ + 



(34) 



where Fmat ^-iid -^mat the field strength tensor of and S^, respectively. Here 
each 5D field can have arbitrary orbifold parities, and then Z2 x Z'^ symmetry implies 
that the mass matrices take the form: 



Ml 



Mppqes^^g'iy), 



l^ij^ZiZj -I 



f^pq ~ l^pq^ZpZqi jj'pq — f^pq^z'pZ'qi (35) 

where M|.^- and Mppq are constant, Zij — ZiZj, z[j — z'^Zj, e.t.c, z — —z, z! — —z\ and 
the kink function tzz'iy) is defined as 

^zz'{y) = 1 for < y < TT, e^^'{-y) = ze^^i{y), e^^'{-K - y) ^ ^ ^zz'{t^ + y)- 



Note that Mg^j^ Mppg, ruij and rhij have the mass dimension one, while /ipg and jlpg are 
dimensionlcss parameters. For a generic form of mass matrices, there can be nonzero 
mass mixing between matter fields with different orbifold parities. Our aim is to compute 
the 1-loop gauge couplings as a function of the mass parameters and the orbifold parities, 
which arc defined above. 

As we are going to compute the low energy effective action of A'^^^\x), we regard all 
5D gauge fields as quantum fluctuations around a background configuration of A'l^^'^^ (x) 
which correspond to the zero modes of A^^l^^^ having the orbifold parity z — z' — 1. 
To proceed, we choose the following form of the gauge fixing term: 



'gauge— fixing 



+ 



, (36) 



where — — iA^j^^T"- is the covariant derivative involving the background gauge 
boson zero modes. The corresponding ghost action is given by 



'S'ghost = J d^xV^ 



2kR\y\ 



^y^A) 



o2kR\y\ 



,(37) 



where and c% are the ghost fields for A^j and B]^, respectively, and D"^ — rj^^D^D,^. 
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In the model under consideration, there are three class of field fluctuations, each 
of which can have arbitrary orbifold parities: (i) 5D gauge fields Al,j which do not get 
a mass from the Higgs vacuum values , and the associated ghost fields c% (ii) 5D 
gauge fields Bf^ which get a nonzero 5D mass Mya = Q^a^a from f ^, and the associated 
Goldstone bosons and ghost fields, tt" and c^, (iii) 5D Dirac fermions and the physical 
scalar fields y?'. After the following field redefinition, 

111 

^•"71^' ''^Tif'- ''^-"irf- 



we find that each class of field fluctuations has the quadratic action: 

82^ j d^xdy{CA + Cb + Cm), (39) 



where 



1 p-'ikR\y\ p-'ikR\y\ p-'^kR\y\ 

1 p-ikR\y\ 



2 R 



{-Ae + Ak{5{y)-5{y-Ti)) {Alf 



p-2kR\y\ 



1 p-'ikR\y\ p~'ikR\y\ 

1 p-4fcii|2/| 

- -e-^'^^l^l (tt-Att- + B^AB-) - ((^.Tr")^ + {dyB^f) 

'^„~4kR\v\ ( „a Da \ ( Qba^l -2kg5aK^ {v) 

,2 



tp-4kR\y\ f Da \ 95aK -Akg^aK^—i 

2k{8{y) - 5{y - n)){Btf 



B- 



R 



p-2kR\y\ 



- e-^'^\y\^^Ac% + ^-^c%{dye-''^\y\dyc%) - e-''^\y\ glX^^c^ 

1 p-4kR\y\ p-4kR\y\ 



2 "^"^271:2 

p-AkR\y\ 



R 



{mij6{y) - mij6{y - it)) (p'(p- 



p-2kR\y\ 



R 



g-4fci?|2/| 



{2iip,5{y)-2jlp,5{y-T:))rr- 



R 

Here the gauge-covariant operator A is deflned as 

A$ = {-ii^-'D^D, + Fj^Jj^") (40) 

where Pj^J = F^^^'T"' is the field strength of the gauge boson zero modes A'^f^^\ and 
is the 4D Lorentz generator for a field with 4D spin j, which is normalized as 
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tr(J/''J/^) = C{j){ri^'Pri''^ - r]^'^r|''P), where C{j) = (0, 1/2,2) for j = (0, 1/2, 1). Here 
and in the following, $(x,?/) stands for a 5D field which has a definite value of 4D spin 
j and also of 4D chirality, e.g. $ = A^{x,y) with j = 1, $ = ipL^R{x,y) with j = 1/2 
and 75'?/'l,h = iipL^R, ^ = ^bi^, y) or y) or c^(x, y) with j = 0. Note that the AdS 
curvature k generates a mixing between and vr" in the quadratic action. Since the 
Goldstone boson tt" has the same orbifold parity as this is a mixing between 4D 
scalar fields with opposite orbifold parities. 

With the quadratic action ( l39i) . the 1-loop effective action of the gauge boson zero 
modes is given by 

+ {Tia, In Ka, + Tr^, In A^, - 2Tr,, In A,,) (41) 
+ ^ ^Trs^ In Kb^ + Trij,,^ In Kb,,.j, - 21:1^^ In A^^ j 
+ ^ (Tr^ In A^ - Tr^^ In A^^ - Tr^^ In A^^) , 

where 

TrcE. In A$ = ^ Tr$„ In (A + ($)) 

n 

= [ ^P*(g)Trln(A + g2). (42) 

Here denotes the n-th KK modes with the mass eigenvalue m„,($): 

$(x,y) = 5^$„(a;)/„,(y), (43) 

n 

and in the last step we have applied the Pole function technique discussed in the previous 
section: 

1 



(44) 



,($) g + m„(<l>) 

where the summation includes the zero modes also. 

It is straightforward to perform the integration over 4D loop momentum with 
dimensional regularization. We then find 



where 



Tr In (A + g2) = ,| _^^*(g,p)A^(-p)(pV'^ - pV)A",(p) + ■ ■ ■ , 

GHq.p) = ^Tr(r,(<|.)^) y' dx Qrf(>)(l - 2xr - 2C(>)) 

X (^ ^ + ln(47re"^) - ln(g2 + x(l - x)p^)^ . (45) 

Here rf(j$) = (1, 2, 2, 4) and C(>) = (0, 1/2, 1/2, 2) for j,, = (0, 1/2^, 1/2r, 1) denoting 
the 4D spin and chirality of $. The 1-loop correction induced by $ can be expressed as 

^ ;At{p) = (-1)^>> ^ ^PMG!{q,p), (46) 
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where the dependence on the 4D spin and unbroken gauge charges of $ is encoded in 
Qf, while the dependence on various mass parameters is encoded in the pole function 
P$ which contains the full information on the KK spectrum. As explained in Section 2, 
we can deform the integration contour appropriately to simplify the integration over q. 
(See Fig. 1.) Then, following the method discussed in the previous section, we find 

^ rA*(p) = tg!Tr(Tf ($)) | ( ^d{j,) - C{j,)) ( + 0{1) 







+ I dx[ C(j$) - -rf(j$)(l - 2xy ) lniV*(V^(l - ^)P^) ) , (47) 



where the Pole function has the following asymptotic behavior at |g| — )■ oo: 

P^(g) = ^ + B^t{\mq) + O (48) 
q ^ 

and iV* is a holomorphic even function define as 

^In N"^ {i\q\) = A^ln\q\+iB^\q\ + 0{\q\-^) at \q\ ^ oo. (49) 

Since Aq, /(4 — D4) is associated with the logarithmic divergence of the fixed point 
gauge couplings, we have A^ oc {z + z'), where z, z' are the orbifold parities of $. (See 
Eqs. ffTOj) and f|T2|) .) In our convention, for ^{x,y) = {(l),ipL,ipji, A^j^}, we have 

_|_ / T7kR _ 1 

A^ = ^, zB^ = ^-^^, (50) 

where $(— y) = z^{y) and $(— y + tt) = z'^{y + tt). Note that here can be a 5D 
scalar, or the 5-th component of a 5D vector, or a ghost field. Also a 5D Dirac fermion ijj 
with orbifold parities z, z' consists ofipi with orbifold parities z, z' and ipn with orbifold 
parities z = —z, z' = —z', and thus A^ = A^^ +AiI)r = 0. As was noticed in the previous 
section, in warped spacetime, the renormalized fixed point gauge couplings at the cutoff 
scale A are obtained by subtracting the pole divergence {z + z') /(4 — D4) with a counter 
term proportional to 

6{y)z In A + 6{y - 7t)z' ln(e-'="^A). 

We are now ready to present the 1-loop corrections to low energy gauge couplings, 
induced by generic 5D fields on a slice of AdSs. For this, let Nf^, denote the A^-function 
of ^{x,y) having a definite value of 4D spin of 4D chirality, and of orbifold parities 
z,z'. Explicit forms of Nf^,{q) and their limiting behaviors at |g| — ?■ 0, 00 for $'s with 
generic bulk and boundary masses are presented in Appendix A. Also let {$} denote a 
set of $'s having the same j$ and unbroken gauge charges, but not necessarily the same 
orbifold parities, which generically have a mixing to each other in the quadratic action 
f p9|) of quantum fluctuations, and N^'^^ denote the A^- function of this set of $'s. Then 
the full 1-loop corrections are summarized as 

1 A. = -i^ [ + Ai^} + + Ai^-^ + AM ] , (51) 
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A{^} = Ai^^Hp) + Ai^«>(p) - 2A^>(p), 
Ai^> = Ai^^Hp) + Af -->(p) - 2A^>(p) 
for Ai*-^(p) given by 
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(52) 



n, 



Inp — - ^n^*|_^ — n^}^ In A 



+ 1 In iVo^*> + hnf_l - nf] + nl^ - n^^])7rkR + O (1) 



2 u ■ -r-r -r- ■ — r / ■ - v-/ • (^3) 

Here nl^^ denotes the number of zero modes in {$}, n^'^} is the number of $'s with 
orbifold parities z, z' defined as 

= + 7r) = z'$(y + 7r), 

and 



1 2 10 

'6'~3'y 



for j$ 



0,2,1 



N^*H<1) = i-ir'" {Ni"' + Oigym'^^)) , (54) 

where tukk denotes the hghtest KK mass of {$}. The above result shows that the 
model-parameter dependence of 1-loop gauge couplings is determined mostly by the 
behavior of A'"-functions at \q\ <^ itikk, particularly by Nq^\ 

The 1-loop corrections induced by 5D Dirac fermions take a simpler form. As 
the equation of motion for involves 75, it is convenient to split each ip into two chiral 
fermions: ip = ipL + "ipR with ■j5ipL,R = ^'ipL,R, and then we always have 



n 



n 



I In Ion 



_ {'>Pr} 

11' J L 1 1- J 



"zz' ' "-0 ~ "-0 — "■++ ~ "-++ ' (^^) 

regardless of the bulk and boundary fermion masses M.Fpq,t^pq and jlpq. (If there 
is no mass mixing between ip'^ with different orbifold parities, Uq^^^ — '^^'^^^ 



{^r} 



n 



++ 



n 



bpL} 



n^_^" and 



Since {iPl} and {i/jr} have the same KK mass spectrum, 



we also have 



and thus 



MV'i}(g) = (-g2)r, 



(56) 



(57) 



2\ri, 



where 

in the limit \q\ -C tukk- We then find the 1-loop gauge couplings induced by {ip} are 
given by 

\aW(p) = ^ (A^>(p) + Ai'/'«>(p)) 
1 



87r2 



127r2 



Tr(T„^(^)) 



n, 



+ 4^^^ ) Inp + In N^^"^' + C(l) 



(58) 
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In the above, the external momentum pf^ of the gauge boson zero mode is assumed 
to be smaller than the lowest KK mass, justifying the use of the A^-function at g — )■ 0. 
However, in certain parameter limit, there might be a KK state having a particularly 
light mass. For instance, the lightest KK state of a Dirac fermion with bulk mass 
Mp > k has a 4D mass ~ j^^-(k+2Mp)nR/2 -^j^jcJi can be much smaller than 1 TeV 
even when ke~^'^^ > 0{1) TeV. In such case, one needs to consider the gauge couplings 
at p > mf^j^, which can be easily obtained from ( 153|1 . To see this, let us consider the 
case with 

mi(<I)) < m2($) < ... < m„(<l>) <p< m„+i($), (59) 

in which there are n* + n light modes with a mass smaller than p. One can then consider 
the iV-function at m„ < q < m„+i, which can be expressed as 

N^iq) = i-q'r" (flim^ " q')] + Oiq^/ml^,)) , (60) 



where 



n: = k/11'^i (61) 

1=1 

and find that the 1-loop gauge couplings at m„ < p < are given by 



^,^tip) = ^Tr(rf ($)) 



(riQ + n) Inp — - (^*_|_ — In A 



i In iV* + 1«+ - <_ + n"^ - n'^__)nkR + O (1) 



(62) 



As the A^-functions play a crucial role in our analysis, let us discuss some relevant 
features of A^^*j^ here. More complete discussion will be given in Appendix A. First, for 
A'^,j = [AJ^, Ag) and with the orbifold parities 

A;{-y) = z^A;{y), A^-y) = -z^A^y) = z^A^y), 

A^i-y + vr) = z'^A^iy + vr), Al{-y + vr) = -z'^Al{y + vr) = z'^A^y + tt), 
CA{-y) = Zac\{y), c\{-y + tt) = z'„CA{y + vr) 

we have 

Nt:,M) = ^t'M) = {-<ft'^'^^''Nt}-,S<i)- (63) 
This relation simply means that A"^, A^ and have the same KK mass spectra, which 
explains the form of Ai^^ in fl52l) . Here the factor q^"^^''^ represents the zero mode of 



with Zcj = z'^ = 1 OT of A1 with z„ = z'^ = 1. In the quadratic action fl5^ . A^j does 
not have any mixing with other fields, and therefore 

N''^' = \{<k. ArM^^ = n<t' ^''^' = \{n2., (64) 

(T (T (T 

On the other hand, for B^^ = {B^,B^) and the associated Goldstone and ghost 
fields, tt" and c%, there is a mass mixing between B^ and which have opposite orbifold 
parities. We still have 

n!:Ai) = N2Aq). N^^'-^-Hq) = NlUq)NfUq), (65) 
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where B°' is an artificial vector field which has the same bulk mass as 3°" and also the 
boundary masses given by 

/—2kR\y\ 
d'xdy'-^(2k5{y) - 2k5{y - 7,))7^^^ B^B^ . 

We then find 

a a 

N^^'^'-Hq) = n (<^^ (^)) ■ (66) 

a 

In the presence of mixing between fields with different orbifold parities, N^^'^ and 
j\jW} gcnerically take a highly complicate form. Here we present the results for relatively 
simple cases, (i) two Dirac fermions with generic bulk and boundary masses and (ii) two 
scalar fields with just bulk masses, while leaving the discussion for more general case in 
Appendix A. Let us first consider the case of two Dirac fermions {ipl ^, } (p = 1, 2) with 
the following bulk and boundary masses: 

Mppq, /il2, h2- (67) 

Note that fipp = jlpp = 0, and the Dirac fermion ip'^^^/ consists of ip^ with orbifold 
parities Zp, z'^ and ■?/'^ with orbifold parities Zp = —Zp, z'^ = —z'^. In the fundamental 
domain < y < tt, the 2x2 bulk mass matrix can be described by two mass eigenvalues 
Mpp (p = 1, 2) and a mixing angle Op- 



I Mf2i Mp22 j ~ V ^F2 y ' ~ I -sin^j. COS^F ) 

^tz''"^^'^ denote the function of 4'l,r with orbifold parities z, z' and a bulk mass 
M. We then find that the A^-function of the above two Dirac fermions is given by 

^ (_52)-(zi+.l+.2+z^)/2 (^Ni^h^lyf^q^y ^ (69) 

where 



for 



cos 9f — Z\iii2 sin 9p cos dp — z[fli2 sin Op 

•^0 — / , , = ) — 



12 



|2 



sin ^i? + 2;i/Xi2 COS ^i? sin + 2;i/ii2 cos 

^° " / ill 12 ' ^ / i , |~ 12 ■ ^'^) 

Note that this A^-function takes a factorized form, ATi^i'V-i} = N^^iMp,) ^'^umf2) ■£ 
and V'^ have the same orbifold parities. One can similarly get the A^-function of two 
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scalar field system {fl -,/} {i = 1, 2) with a generic form of the bulk mass matrix 

and no boundary masses. Again, M.'gij can be described by two mass-square eigenvalues 

M|i {i = 1, 2) and a mixing angle 6s- Then the A^- function of is given by 



\ ziz[ ziz[ J y 224 2222 



\ 2i4 ) V -^24 Z24 y ' ^ ' 

where c = cos^5,s = sin ^5 and A^jj-*^^ is the A^ function of a 5D scalar with orbifold 
parities z, 2;', which has a bulk mass M and vanishing boundary masses. 

In Appendix A, we provide explicit expression of A^^, for $ with various 4D spin 
and orbifold parities, as well as its limiting behaviors at |g| — )■ 0, 00. Once the A^- 
functions are obtained, one can examine the behavior at g — )■ to find A'q*-'^, and finally 
apply (J53i) to obtain the 1-loop corrections A^. Using the properties of A^-functions 



described above and also in Appendix A, we find the expressions of Ai^^ and Ai^^ 
presented in Table 1 and Table 2, respectively. (See ( l52i) for the definition of Ai^-^'^'^-^.) 
For the 1-loop corrections /S.^^'^^^ induced by scalar and fermion fields, we consider the 
two cases: one for the case that there is no mixing between matter fields with different 
orbifold parities, and the other case with two scalars or two Dirac fermions which can 
have such a mixing. For the first case, one can simply consider a single scalar or a single 
fermion with definite orbifold parities, and the results are summarized in Table 3 and 
Table 4. For the second case, one can use the A^-functions fITOll and (1721) to obtain the 



results presented in Table 5 and 6. A prescription for Ai'^^'^'^^ in more general case is 
described in Appendix A. 



4. Conclusion 



Models with warped extra dimension might provide an explanation for various puzzles in 
particle physics, e.g. the weak scale to Planck scale hierarchy and the Yukawa coupling 
hierarchy, while implementing a breaking of unified gauge symmetry in bulk spacetime 
by boundary conditions, which would solve some of the naturalness problems in grand 
unified theories such as the doublet-triplet splitting problem. Kaluza-Klein threshold 
corrections in such models are generically enhanced by the logarithm of an exponentially 
small warp factor, and therefore can be crucial for successful gauge coupling unification 
in the framework of warped unified model. In this paper, we discuss a novel method 
to compute 1-loop gauge couplings in generic 5D gauge theory on a slice of AdS^, in 
which some of the bulk gauge symmetries are broken by orbifold boundary conditions 
and/or by bulk Higgs vacuum values, and also there can be nonzero mass mixings 
between the bulk fields with different orbifold parities. Explicit analytic expressions of 
the Kaluza-Klein thresholds as a function of various model parameters are derived, and 
our analysis can cover most of the warped GUT models which have been discussed so 
far in the literatures. 
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Appendix A. function 



In this appendix, we discuss the function of a 5D field $ on a slice of AdSs, which 
has a definite value of 4D spin and 4D chirality as well as definite orbifold parities: 

1 



L,R 



;i±75)^), 



where the 4D scalar (p might be a 5D scalar, or the 5-th component of a 5D vector, or 
a ghost field. Generic 5D field $ on a slice of AdSs can be decomposed as 

<!>{x,y) = J2'^n{x)fn{y), 
where the KK wavefunction /„ satisfies 

for the KK mass eigenvalue m„. Here 

Ml = {Ml Mf (Mf + k),MF {Mf -k),M^}, 
s = {4, 1,1,2} for $ 



(A.l) 
(A.2) 



(A.3) 



where Ms, Mf and My denote the bulk masses of 0, ip and A^, respectively. Here we are 
using the mass parameter convention defined in flMl) and fl35l) . e.g. Ms = for 
or c^, Ms = g^aK for = c^, My = for A, 



Al 



AJ^, and My 



g^aK for A 



Generic solution of the above KK equation is given by 



fn{y) 



oSkR\y\/2 



AJm„) 



,kR\y\ 



+ BJmn)Ya 



■n^kR\y\ 



, (A.4) 



where a = ^y{s/2)'^ + M^/k'^, and Aa,Ba are determined by the boundary conditions 
at ?/ = 0, vr. To utilize those boundary conditions, it is convenient to introduce the 
following functions: 

/jo-(?) 



fYo-i<l) 



\k 
q 
k 
1 

T 

q 

T 



fjo + iq) 
fj.+ iq) 

fy^+iq) 



s 

I^n 

2 

s 

f^TT 

2 



If (1 

k ''Kk. 
1y' 



k' 



Y„ 



tJ ^ T " \T. 
tJ T " VT 



(A.5) 



where 



ke 



-nkR 



r^k = {ms, —Mf, MF,mv} , r.„k = {rhs, —Mf, MF,mv} (A. 6) 
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for the boundary masses ms,ms of at ?/ = 0, vr and the boundary masses mv,rhv 
of ai y = 0, tt. Again, we are using the mass parameter convention defined in flMl) 
and ( l35l) . Exphcitly, ms = m and rhs = fh for (p = ip, ms = rfis = 2k for = A"^, 
ms = rfis = for = c^, c^, and the boundary masses of vector field are defined as 

,.,,,y=G(^4|L-!5f:^)G""^M^„. (A.7) 

V 95 V<-^55 95 VG55 / 



which gives 



p~2kR\y\ 



d^xdy—— {mvS{y) - rhySiy - vr)) r/^^A^A, (A.8) 
rC 

after the field redefinition fl38|) . 

Imposing the orbifold parity conditions $(—?/) = and $(— y + vr) = 2;'$(?/ + 7r) 

gives rise to the constraint: 

fjozimn) fvozimn) W \ Q 

fj^z'ijnn) fY^z'ijnn) J ^ J ' 

This constraint can be used to determine the KK spectrum {m„}, yielding 

fjozimn)fY^z'imn) - /yq^ ("^n) /j^^ ("^n) = 0. (A. 10) 

This then implies that the KK spectrum corresponds to the zeros of 

Nf, = nk^/'r'/' (UMfyMQ) - fvoMfjMq)) , (A.n) 

where the prefactor vrfc^/^T^'/^ is introduced to achieve the asymptotic behavior 

^In Nf^,{i\q\) =iB^\q\ + A^ln\q\ + {\q\'^) at |g| ^ oo. 

One can confirm that Nf^,{q) is a holomorphic even function on the complex plane of q. 

For the computation of 1-loop gauge couplings, we do not need the full expression 
of the A^-function, but the asymptotic behaviors in the limits |g| — )■ 0, oo. It is 
straightforward to find that 

Nl,{q) = 2q'¥- cos f ^^^^^ ~ + + ^(g'') at |g| ^ oo. 



k 



from which we find 



Z -\- z' ^irkR _ 

M= ^ , iB^ = — — — for ^ = {(f),iljL,ipR,Af,}. 

Note that the asymptotic form of Nf^, at |g| — oo is independent of a,ro and r^r, and 
therefore independent of the bulk and boundary masses of the gauge and matter fields 
in the model. It is determined just by the orbifold parities of $ and the background 
geometry, i.e. k and R, which affects the KK spectral density at m„ — )■ oo. Note also 
that 



NL' = K^N-- {z = -z,z' = -z 

and thus 

A^ = A^j^ + A^j^ = 0, 
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which means that 5D Dirac fermion does not give rise to a logarithmic divergence. 

As we have noticed, most of the model-parameter dependence of 1-loop gauge 
couplings is determined by the behavior of Nf^, in the limit \q\ 0. Specifically it is 
determined by 

Nf,, ^ i-q'rHK + Oiq^/mj^j,)) for |g| « m^;,, (A.12) 

where is the number of zero mode from and tukk is the lightest KK mass. In our 
convention, = or 1. For an explicit expression of Nq, let us introduce 



QS(^) = ^(^S(^)-^S(-^)), (A. 13) 



where 



z+l z'+l 

1 



with the convention that (a — ^ + ro)^"""^^^/^ = 1 for a — ^ + ro = 0,2; + l = and 
also (a + ^ - r^)(^'+^)/2 = 1 for a + ^ - = 0, ^' + 1 = 0. We then find 

NfM^Ql'-RW + OiqVm'^K) at \q\ ^ 0, (A.14) 



where 



TkR 



Rl' - ^ (qS(« + 1) - - 1)) ■ (A.15) 

With the above results, one immediately finds that $ does not have a zero mode 
in case with Q*^, 7^ 0, and then 

K = Qt.'- (A.16) 

On the other hand, in other case with Qf^, = 0, there is a zero mode, and 

< = Rt'- (A.17) 

Let us derive an explicit form of Qf^, and Rf^, in some simple cases. For with 
My — my — rhv — 0, ipL with Mp ^ 0, and 4> with Ms ^ and ms — rhs — 0, we find 

= Qt+ = ^^^^^^^^ sinh (asnkR) , 

2g±7rfcR/2 p , 

A^o '''''' = Q±T = Ois cosh (asnkR) ^ 2 sinh (asnkR) , 

«5 L J 

AT^-- = = — sinh (Q;57rA;i?) , 

ask 

where = 1/4 + Mj/P. 
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Let us now consider the iV-function in more general case that there is a mass mixing 
between $'s with different orbifold parities. In such case, the A^-function takes a more 
comphcate form as the mass eigenstatc does not have a definite orbifold parity. Let {$/} 
(J = 1,2, ...,n$) denote a set of 5D fields with the same 4D spin and unbroken gauge 
charges in the orbifold parity eigenbasis, and = 1,2, ...,n#) denote the same 

set of fields, but in the bulk mass eigenbasis which is related to the parity eigenbasis by 
a unitary rotation: 

^a = J2Uai^i. (A. 18) 

I 

Here each fermionic is either a left-handed spinor (■0^,) or a right-handed spinor (iPr). 
The KK wavefunction in the decomposition 



satisfies 



where again 



{4, 1,1, 2}, 

Ml = {M|^, Mfa {Mfa + k) , Mfa {Mfa - k) , M^^} 



(A.19) 



(A.20) 

for $^ = {0^, e~^'^'^l^l'i/'AL, e'^'^'^'^'V^AR, ^^}- As the orbifold boundary conditions are 
defined in the basis {$/}, it is more nontrivial to find the resulting constraints on the 
KK spectrum and the corresponding A^-functions. It turns out that the A^-function in 
the presence of mass mixing can be constructed with the following functions: 

frt-M^ fjt'M)^ frt'M)^ (A-21) 
where zj, z'j are the orbifold parities of $/ and 



mi) - y.. (I) 



J - 



Y - 



flA 
JJo+ 



(?) 



mi) 
fjMi) 



roiA 
s 

2 " "'^^^ 



k. 
J 



flA 



(q) 



- - r^IA ]YaAj; 



k 



1 
T 

TJ\ 



Here 



and 



aA = ^{s/2f + Ml/F, 
'ms,v)ijUXj 



kri 



OIA 



E 



TT* 

A 



kr. 



■kIA 



= E 



{msy)ijUAj 



J 

for $7 



U 



AI 



for = 

(A.22) 



kroiA = TMFA, kr^iA = TMFA for ^i = i'iL,i'iR 

where {msy)!.; and {'msy)ij are the boundary mass matrices of <pi,A^^ at y = and 
y = 71, respectively, defined in the orbifold parity eigenbasis. 
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the orbifold boundary conditions yield 



B 



Aa 
Ba 



where is a 2nq, x 2n$ matrix given by 



k 

Aa 
Ba 



frun 



,kR\y\ 



V k 



(A.23) 



iBjo)iA - UXifj^zi^ iBYo)iA - UXifrtzi^ 

(BjJiA = Ulifji,^ {By^),A = UliflC,^ for = 0, or A^ 



and 



iBjo)iA 

i.B.j^)iA 



fiA 



iUFt^'YAifjU ^By^)iA = iUFtyAifvt.', for = 



where 



0,7r 



IJ 



L,R 



'iJ [det(J-o"f)]Vn.' 

/J V / J J 

for the boundary fermion masses [iij.jlij defined in fl35|) . 

With (lA.23p . the function of {$/} is proportional to the determinant of the 
2nq> X 2n$ matrix B. In fact, one can show that the A^-function can be reduced to the 
determinant of an x nq> matrix: 

N^^\q) = dei{BM) (A.24) 



where 



(Bn)ij 

iBN)ij - 



Y.Ul,UAjNl'^l^{q) for $, = 0, or4, 



Y^{UF^^^)\,{UFt'')AjNl';:^{q) for ^i = i^iL.i^m (A.25) 



with 



(A.26) 



Note that this function is nothing but the A^ function defined in ( 1A.11|) with a — i- a^, 
'^o f^oiA, f-K f-KiA and z, z' — )■ z/, z'l- Furthermore its limiting behavior at |g| — oo 
is independent of olai'^qiai'^-kIA- 



1, 



2k 



and therefore 



-lnA^W(zlgl) 



\q\ + 
n<j,(e^'=^- 1) 



zi + z'j 



ln|g| + 0(|g|-i) 



2k 



[zi + z\) 



ln|g| + C>(|g|-^) 
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at |g| — i- oo. 

To obtain the 1-loop corrections to low energy gauge couplings induced by {$}, we 
need to know the limiting behavior of N^"^^ at g — )■ 0: 

= det(i?^) = (-g2)"o*' (^ivf > + 0(gV<i.) 

It is straightforward to find A^^q*^ from the limiting behavior of Nf^, in (1A.14P and the 
expression of {Bn)ij in (1A.25I) . 



Appendix B. KK thresholds with boundary matter fields 



In this paper, we did not include a boundary matter field separately. In fact, boundary 
matter field can always be considered as a 4D mode of bulk matter field localized at the 
boundary in the limit that the 5D mass of bulk field approaches to the cutoff scale a1^. 
This means that the 1-loop gauge coupling in the presence of boundary matter field can 
be obtained from our results by taking an appropriate limit. Here we discuss this point 
with simple examples in flat spacetime background. 

Let us first consider a Dirac fermion ip^^ with bulk mass Mp. By taking the limit 
— )■ for the result in Table 4, one easily finds that the 1-loop correction due to ^/'++ 
is given by 

1 . 1 



87r2 



127r' 



Mf 

In — - In (sinh MpuR) 
P 



(B.l) 



In the limit Mp — > A ^ ^/R, the chiral zero mode becomes localized at y = 0. On the 
other hand, all KK modes get a mass comparable to A, and therefore can be integrated 
out while leaving a trace only in the Wilsonian couplings at A. Indeed in the 

limit Mp — i- A becomes the 1-loop correction due to a 4D boundary chiral fermion after 
subtracting the power-law divergence which should be absorbed into the renormalization 



of the 5D gauge coupling l/g'i„ at A: 



— A^^ 
87r2 " 



/5a 
1 



127r^ 



In - - ATTi? + C(l) 
P 



(B.2) 



As another example, let us consider with bulk mass Mp, which gives a 

correction 

1 1 



.TriT^mMpjcR. 



(B.3) 



87r2 " 127r2 

In the limit Mp — i- A ^ ^/R, there appear two chiral fermion modes localized at the 
boundaries, one at y = and another at ?/ = vr, which form a 4D Dirac fermion with 
4D mass mp, = 2Mpe~^^'"'^^, while all other modes have a mass of 0{A). As the above 
1-loop gauge coupling assumes that there is no light mode with a mass lighter than the 
external momentum p of the gauge boson zero mode, it can be directly used only for 
p < mp,. We then find 



87r2 



^A^- 



127r' 



rTr(T,2W) 



2 In 



A 

mp 



(B.4) 



% For scalar field, we also need proper boundary masses comparable to A. 
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which corresponds, after subtracting the power law divergence, to the 1-loop threshold 
due to a massive 4D Dirac fermion with mass mo- If we consider the limit that tud 
becomes even smaller than p, the IR cutoff of the momentum integral of the localized 
modes should be taken as p, and then we arrive at the standard 1-loop correction due 
to a massless 4D Dirac fermion: 

SA„ = -i-IV(r„^(V^))ln(A/p). (B.5) 



87r2 " 67r2 

Let us finally consider the case of two 5D Dirac fermions ■0++ and ■0-- with a 
diagonal 5D mass matrix Mppg — MppSpg ip,q — 1,2) and a boundary mass-mixing 

J d^xdy6{y)2fi + ^^^^) • (B.6) 

(Note that 5D fermion has a mass-dimension 2, and thus /i is a dimensionless parameter 
in our convention.) With the results in Table 6, one easily finds 



1 + 



In the limit Mp2 — > —A with <^ 1, gives a chiral zero mode x localized at y = 0, 

while all other modes of ip are decoupled with a mass comparable to A. The resulting 

effective theory contains a 5D fermion and a chiral boundary fermion x with a mass 
mixing: 

J d''xdy5(y)2i^,s + xV'') , (B.8) 

where //.eff = 2/x\/A <C \/A for the canonically normalized 4D fermion %. In the same 
limit, 

^2^^'""^^ ^ l^'^^^" ^^^^ h (/^) " ^"''"^''^ " ^""^ ^ ^^^^ 

which corresponds to the 1-loop threshold in the effective theory again after subtracting 
the power law divergence. 
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Table 1. 1-loop gauge couplings induced by 5D vector fields Alj in the limit p <^ tukk 
where tukk is the lowest nonzero KK mass. Here Ca{A) = Tr{T^{AM))- 



(zz') 




(++) 


""^f [227rkR 23 In (AnR) + 44 \n{p7rR)] 


(+-) 


( 227ikn) 


(-+) 


"\^2^) {227rkR) 


(— ) 


"'^i^^ [2 1 In ( ''"\^^^) TTkR + 23 In (AnR) 2 ln(p7ri?)] 



Table 2. 1-loop gauge couplings induced by 5D vector fields 5^ and Goldstone bosons 
tt" for the range of Mb which does not give any zero mode lighter than p. Here 
Ca{B) — Tr(rf (Sm)), Mb — Qba^a, and aB — a/I + M^/k'^, where Mb is the canonical 
5D mass of B?^. 



{zz') 




(++) 


Ca(B) 

12 


[20 in(^«"'i^«^3^^^«j 


+ 42 In (MbttR) - 22 In (Avri?) 


(+-) 


Ca{B) 


on It, I 0!s coshaBTrfci?— sinhagTrfci? \ 




12 




as / 


(-+) 


Ca{B) 
12 






(— ) 


Ca(B) 

12 




- 2 ln(/\fi;^/?) + 22 ln(A^7?) 
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Table 3. 1-loop gauge couplings induced by a 5D real scalar (f with definite orbifold 
parities z^z'. Here Ca{^) = Tr(T^((/9)), a = a/4 + Mg/k"^, where Ms, ms and fris are 
the bulk and boundary masses of ip. ip^'^^ denotes a particular type of 5D scalar field 
with {zz') = (++), ms = fhs and M| = ms{ms — 4/c), which has a zero mode lighter 
than p. 



{zz') 




(++) 


—1 / \ 1^ 1 afc(ms—ms) cosh a7rfciJ+(a^A:^ — (2fc—ms)(2fc—r?is)) sinhavrfc-R \ 


(+-) 








12 




(-+) 


-c<i('/') 


1^ / afc cosh a7rA;i?+(2fc— mg) sinh OTrfcii \ 




12 




(— ) 


^ [In (^H^) + ln(A7ri?)] 



Table 4. 1-loop gauge couplings induced by a Dirac fermion ^ with definite orbifold 
parities. Here Ca('0) = Tr(T^(^)) and M^? is the bulk mass of ■0- 





AfV'} 


(++) 




]-(:^^^^^)+¥kR + Hp^R)_ 




(+-) 


+|c„(V') Mf-kR 


(-+) 


-\Ca{i)) MpT^R 


(— ) 




]-{:''^0^)+¥kR+HwR) 
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Table 5. 1-loop corrections induced by two real scalars Wl-^z[y ^liz'^} 'which have the 
same gauge charge, but can have different orbifold parities. Here ai = a/4 + Mg^/k"^ 
(i = 1,2) for the bulk mass eigenvalues Msi, and s = sin ^5, c = cos^^s for the mixing 
angle 6s- We are considering a generic bulk mass matrix which does not give any zero 
mode lighter than p, while the boundary masses are assumed to be zero for simplicity. 



1^1 ^1) 

[Z2Z2) 



{++] 



[++) 
(+- 
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In ( sii^l^) ) +2\n{Msi7rR){Ms27TR) - 21n(A7ri?) 
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-Ca(y) 

12 



-Ca(y) 
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a2 cosh a2'izkR—2 sinh a27TkR 

CX.2 
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1 J / ai coshaiTrfcR— 2sinhai7rfc-R \ / ( 

12 \ \^ ai ^ a2 J 



02 cosh a27rfc_R+2 sinh a2'Tfc-R | 
a2 

1^ 2 f a2 sinhai7rfcilcosha27rfcil— ai sinha27rfciicoshai7rfc-R \ 
\ 0:10:2 / 



2 (01-02) 
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In "I I "1 coshoiTrfcil— 2sinhai7rfc_R j / sinha2 7rfc_R \ 
1^ y oi y y 027rfc/? y 
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-Ca(y) 
12 



Gauge Threshold Corrections in Warped Geometry 31 

Table 6. 1-loop corrections induced by two Dirac fermions {ipl^^/ , ^"222' } which have 
the same gauge charge, but can have different orbifold parities. Here Mpp {p = 1,2) are 
the bulk mass eigenvalues, and c^tt, ■^o.tt are defined in (I7T|) in terms of the bulk mixing 
angle and the boundary mass mixings. We are considering a generic parameter range 
in which all nonzero KK masses are heavier than p. 



[Z2Z2J 



1 + + J 



In 
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